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1 Introduction 

Absolutes can be traced to the fundamental papers by M.H. Stone Q23\\24^j). 
Absolutes received a major boost in research by A. Gleason ({15}) in 1958 
quickly followed by the major studies of B. Banaschewski, J. Flachsmeyer, S. 
Iliadis, J. Mioduszewski, V.I. Ponomarev, L. Rudolf and L.B. Shapiro fJ5] \13\ 
[77), ri^l [20l 121} ). The tightness type of cardinal invariants were investigated 
for absolutes by I. Bandlov and V.I. Ponomarev ('fi}) in 1980. 
This paper continues this line of research for absolutes using two relatively 
new cardinal functions Fg and tg. In particular, we obtain basic results 
connecting t, tg, F, and Fg and evaluate these four invariants for the Iliadis 
and Banaschewski absolutes for the well-known spaces of N, Q, J, M, I K , and 



2 Notations, terminologies and basic properties 

Throughout this paper X will denote a Hausdorff space and t{X) the topol- 
ogy on X. Our notation and terminology are mainly as in [12] (for general 
topological notions), [2], |16] . |18| (for cardinal functions) and |22) (for H- 
closed spaces, H-closed extensions and absolutes of Hausdorff spaces). 

Here are a few basic definitions: 

- For a space X, recall that t(X)(s) is the topology generated by the 
base RO(X) = {U € t(X) : U = intx(clx(U))} (semiregularization 
of X). A space X is semiregular if its topology r(X) coincides with 
the topology t(X)(s) and we denote it by X(s) (or X s ). 

Clearly, every T^-space X is semiregular (the converse is not true). 

- A function / : X — > Y is 9-continuous if for each x G X and open 
neighborhood V of f(x), there is an open neighborhood U of x such 
that f(clx(U)) C clyiV)- It easy to see that every continuous function 
is 6 -continuous (the converse is not true). 

- A surjection / : X — > Y is irreducible if for each closed set iCI, 
if A ^ X, then f(A) ^ Y. Equivalently, / is irreducible iff for each 
nonempty open set U € t(X), there is y € Y such that f*~(y) Q U. 

- A space X is H-closed if X is closed in every Hausdorff space con- 
taining X as a subspace. Equivalently, X is H-closed if every open 
cover U of X has a finite subfamily V whose union is dense in X (i.e. 

XQcl X (\Jy eV V)). 

We need this well-known result (see in |22]): 

X is H-closed Urysohn iff X s is compact Hausdorff. 

- A space X is extremally disconnected (or ED for short) if the closure 
of every open set is open or, equivalently, if the closure of every open 
subset is clopen in X, i.e., in symbol CLOP(X) = RO(X). 

It is easy to verify that 

X is ED iff X s is ED and semiregular. 

- ([12]) Let {Xi}i£j and {l^}j g j be two collections of spaces, X = 
Y\ ieI Xi and Y = Y\ ieI Yi their product spaces and let {/j}iej be a 
family of functions /j 6 F(Xi,Yi). The product function f = Y\ ieI f% 
is defined by o/ = /, ; o for each i G I (where : X —> Xi and 

: Y — > Yi are respectively the i-th projection functions of X onto 
Xi and Y onto Yi). 
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Then, the product function is explicitely defined by: 

/ (< Xi > ieI ) = (n ieJ fi) (< Xi > ieJ ) = < fi{xi) > ieJ 

for each x =< x$ >i<=/G X. 

It is well known that if for each is continuous (or ^-continuous), 

then / = Y\i£i fi i s continuous (or ^-continuous) and conversely. 

- ([22]) For a space X, let X* = X U {U : U is a free open ultrafilter 
on X}. Let kJ be the set X* with the topology generated by the base 
t(X) U {U U {U} : U e U £ X* \ X}, and aX be the set X* with 
the topology generated by the base {o(U) : U G r(X)} where o(U) = 
U U {U G X* \ X : U G U}. Both spaces kX and ctX are H-closed 
extensions of X. kX is called the Katetov H-closed extension of X and 
crX is said the Fomin H-closed extension of X. The identity function 
id : kX — > <rX is continuous. The remainder of kX (= kX \ X) is 
discrete and closed in kX, and the remainder of uX (= crX \ X) is 
a zero- dimensional subspace of <rX. If X is a Tychonoff space, then 
k,X >x o~X >x (3X where /3X denote the Stone-Cech compactification 
of X. When X is Tychonoff, kX = f3X iff X is compact and aX = j3X 
iff every closed nowhere dense subset of X is compact. Also, we have 
that (kX) s = (aX) s = fiX. 

- ( [22] ) Let X be a space and OX (called the Stone space generated by 
RO(X) or the Gleason cover of X) denote the set of all open ultrafilters 
on X. For U G r(X) let olJ = {U G OX : U G U) and the topology on 
OX generated by {oU : U G t(X)} is ED and compact Hausdorff. The 
subspace EX = {U G OX : a(U) ^ 0} (called the Iliadis absolute of X) 
is dense, ED and T3 (hence O-dimensional) . We define kx '■ EX — > X 
by kx{U) = P where ailA) = {p}. The function kx is onio, perfect, 
irreducible and O-continuous. Also, the function /cx is continuous if 
and only if X is T 3 . Note that £X = {J pe x k x(p)- 

In general, {of/ nk^iV) : f/, V G t(X)} is a base for a topology on EX 
(finer than t(EX)). The set £X with this finer topology is denoted by 
PX (called the Banaschewski absolute of X). The map Tlx '■ PX — >■ X 
defined by IIx(W) = kxiU) is onto, perfect, irreducible and continuous. 
The space PX is ED but may not be T3 (hence not O-dimensional). 
Also, t(PX){s) = t(EX) and when X is T 3 , PX = EX. 
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This following fact is well-known: 

X is H-closed iff EX is compact iff PX is H-closed Urysohn. 

For the Katetov H-closed extension kuj of lj, note that P(kuj) = kuj 
and E(kuj) = (P(kuj)) s = (klj) s = (3lj. 

For the Fomin H-closed extension ctuj of lj, note that P{glj) = aoo = 
P(/3uj) = /3lj and E(glj) = (P(<ru)) s = (/3lj) s = /3lj. 

Definition 1. For x G X, 

t(x, X) = min{«: iVic! with x G A 3 B C A s.t. \B\ < k and x G B} is 
called the tightness of X at x. 

t(X) = sup xGX {t( x i X)} + lj is called the tightness of X. 

te(x,X) = min{/€ : V A C X with x G cZ(?(A) ]Bcvl s.t. \B\ < n and x G 

clg(B)} is called the 9-tightness of X at x. 

te(X) = sup x€X {te(x, X)} + lj is called the 9-tightness of X. 

Definition 2. 

A sequence (x a : a G jf) in a space X is called a free sequence of length fi if 
for every a G /x we have 

cZx{x / g : /3 < a} n c/x{x,g : /3 > a} = 0. 

A sequence (x Q : a G fx) in a space X is called a 9-free sequence of length fx 
if for every a G /U we have 

clg{xp : fl < a} n clg{x/3 : f3 > a} = 0. 

We define: 

F(X) = sup{/U : there is a free sequence of length ju in X} + lj. 
Fq{X) = sup{^ : there is a 0-free sequence of length jjl in X} + w. 

Here are some basic results that we will use throughout the paper: 
Proposition 3. Let X be a space and ycias subspace. 

(a) t e (X) = t e (X s ) and F e (X) < F(X); 

(b) If a is a topology in X such that a 5 r(X), then F(X) < F(X, a) (in 
particular F(X S ) < F(X) and F(EX) < F(PX)); 

(c) t(Y) < t(X); 

(d) If Y is closed in X, then F(y) < 

(e) If X is T 3 , then t e (X) = t(X) and F e (X) = F(X); 

(f) If X is Hausdorff, then F(A) < L(X)t(X). 
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Recall the following result: 
Theorem 4. 

(a) |T] If X is compact Hausdorff, then F(X) = t(X); 

(b) [7] If X is H-closed Urysohn, then 

F e (X) = F e {X s ) = F(X S ) = t e (X) = t e (X s ) = t(X s ). 

Note 5. 

In [7J, we constructed an H-closed space H for which Fq(H) < tg(H). 

Also, recall the following result proved by B. Balcar and F. Franek: 

Theorem 6. ([3]) If X is compact ED, then \X\ = w(X) = t(X) and there 
is a continuous surjection f : X — > D 1 "^' . 



Now, we start with these straightforward results: 

Lemma 7. ([22]) Let X and Y be spaces, A C X and / : X -> Y 6- 
continuous. Then, f(clg(A)) C clg(f(A)). 

Lemma 8. Let {Xj}j g / and {Yi}i £ j be two collections of spaces, X = 

l\iei X ii Y = U ie i Y i- Suppose / = U ie i fi : X "> Y where fi ■ X i "> Y i 
(for each i £ I) are surjections. Then, / is irreducible if and only if fi is 
irreducible for each i £ I. 

Proof. Let / : X — > Y be irreducible and, fixed i £ /, we want to show that 
fi : X{ — > Yi is irreducible. So, let i 6 I and a nonempty open set Ui in 
Xj. Then, U = Ui x Ylj^i X j ^ s a nonempty open set in X. By hypothesis, 
there exists y =< yi >ig/G Y such that f^(y) C {J. So, for each i £ I, 
f^(Vi) — Ui- Thus, /j : Xi — )■ 1$ is irreducible for each i £ I. 
Conversely, suppose fi : Xi —■ Yi is irreducible for each i £ I and we want 
to show that / : X Y is irreducible. So, let U be a nonempty open set 
in X. We want to find y £ Y such that f*~(y) Q U. Now, there are a 
finite set JCJ and a nonempty open set Ui in Xi for each i G / such that 
7^ riieJ ^ x riie/X J — By hypothesis, for each i £ I, there is yi £ Yi 
such that fi~(yi) C C7j and for i ^ J select a point yj £ Yi. For y =< yj >iei, 

/^(y) = rwr(^) ^ rii 6 j^ >< a eAJ ^ c t/. Thus, / : x -> r is 

irreducible. □ 



Lemma 9. Let X and 1" be spaces, p € X and / : X — > Y be a perfect, 
irreducible, ^-continuous surjection. Then, p is isolated in X if and only if 
f(p) is isolated in Y. 
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Proof. Suppose p is isolated in Y and, since / is irreducible, it follows that 
/*-(/(?>)) = {?}■ As, X \ {p} is closed, f(X \ {p}) = f(X \ f*~(f(p))) = 
/(X) \ {/(p)} = Y \ {/(p)} is closed. So, {/(p)} is open and /(p) is isolated 
in y. Conversely, suppose /(p) is isolated in y and, since / is ^-continuous, 
there is an open set U G t(X) such that p 6 J7 and f(clxU) C cZy{/(p)} = 
{/(p)}. So, E7 \ {p} is open and if f7 \ {p} ^ 0, there is y G y such that 
/My) C C/ \ {p}. As /([/) = {/(p)}, y = /(p) implying p G /<~(/(p)) C 
C7 \ {p}: a contradiction. Thus, C7 = {p} is open and p is isolated in X. □ 

Note 10. 

(a) Example 1 5 in [7] shows that there is an H-closed and Urysohn space 
X such that Fg(X) < F(X). 

(b) In general, neither t(X) < tg(X) nor tg(X) < t(X). In fact, in [7J, the 
space in Example 11 shows that tg(X) < t(X) and the space in Example 12 
shows that t(X) < tg(X). 

3 Main results and examples 

First, we examine some of the basic properties concerning cardinal functions 
Fg and tg on absolutes: 

Theorem 11. For a Hausdorff space X we have that 

(a) F(PX) > Fg(PX) = F{EX) = Fg(EX) > Fg(X); 

(b) t{PX) = tg(PX) = t{EX) = tg(EX) > tg(X). 
Proof. 

(a) Let (ic a ) a e« be a #-free sequence in X and choose y a G fcj(x Q ) and 
P<fi. 

Then, by Lemma Q we have that 

(c/ e {y a } Q </3) C Clg{k x (y a )}a<l3 = clg{x a } a <f3 

and also 

kx {dg{y a }a>f3) Q clg{kx(y a )}a>p = clg{x a } a>/ 3 

Moreover, de{x a } a <pr\de{x a } a> p = and so dg{y a } a <pr\dg{y a } a> p = 0. 
Thus Fg{X) < Fg(EX) = F{EX) = Fg(PX) < F{PX). 

(b) Let A C X and p G cZ#(^4); we have that k^(p) is compact and assume 
fet(p) fl clExk^{A) = and this means that there exists a clopen set U 
such that fc£(p) C [/ and £7 n fc^(^4) = 0; then fex(^) n A = and so 
kx(U) = clx(Y) with p G V. Thus p ^ cZ#(A) and this means that there 
exists q G k^{p) H cIex^x (A) and then q G cIex^x (A). So, there is 
S C fc£(>l) such that |£| < i(#X) = ^(EX) and g G cl E x(B) = clg(B). 



Now we have kx(q) € clo{kx{B)) where p = kx(q) and kx(B) C A; so, 
\kx(B)\ < \B\ < t(EX). 

Thus t e (X) < t e (EX) = t(EX) = te(PX) = t{PX). □ 
Note 12. 

(a) ([7J - Ex. 12) uj = t(Kco) < c = t e ( K uj) = F (kuj) < 2 C = F(kuj). 

(6) ([16J - Ex. 7.22) As crw = c = t(ou) = F(aco) = F e (aco) = t e (au). 

Proposition 13. Let X be a HausdorfT space and Y be ED. 

(a) \X\ < \EX\ < 2 2lX| and \X\ < \PX\ < 2 2 ' X| ; 

(b) EX is ED semiregular and EY is homeomorphic to Y s ; 

(c) PX is ED and PY is homeomorphic to Y; 

(d) If -D is a dense set of isolated points in X, then D C E"X C 

(e) There is a discrete space D such that |Z)| < d(Y s ) and y s can be 
embedded in (3D; 

(f) A countable subset A of 1^ is C*-embedded in Y s . In particular, if B 
is an infinite compact subspace of Y s , then B contains a copy of f3uj 
(i.e. contains a subset C ~ /3<^); 

(g) If (3u ^ Y, then t(Y) > c and F(Y) > c; 

(h) If p e X, then r(EX)|^ (p) = r(PX)| n - (p ). 
Proo/. 

(a) As kx ■ EX -} X is onto, |X| < \EX\ = \PX\. 

Also, as \U : U is a fixed open ultrafilter on X} C V(V(X)), then 

|PX| = |EX| < \V(V(X))\ = 2 2lXl . 

For the facts (6), (c), (d), (e) and (/) we refer the reader to [22J. 

(g) We have that c = t(J3u) < t(Y) and c = F(fiu) < F(Y). 

(h) Both kx(p) and 11^ (p) are compact subspaces in the same set. As 
t(EX) C t{PX), T(kx(p)) C r(II^ r (p)). Since compact Hausdorff spaces 
are minimal Hausdorff, it follows that r(fcj^(p)) = r(irt(p)). □ 

By Proposition \13\f a). it is natural to ask if the following inequalities are true 
or not: 

* If X is Hausdorff, then F e (X) < F e (EX) < 2 2Ffl(x) . 

* If X is Hausdorff, then t e (X) < t e (EX) < 2 2 ' fl(x) . 
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Proposition 14. Let E be an ED, semiregular space and D a discrete 
subspace of E such that \D\ = d(E). Then, 

t{E) < t{/3E) < t(pD) < w{(3D) < 2\ D \ = 2 d{ - E \ 

Proof. By Provosition [We), (3E ^ (3D\D and t((3E) < t(/3D). As, E C 
0E, then t(E) < t(/3E). It always true that t(/3D) < w((3D). Finally, by 
3.3(b) in [16J, w{PD) < 2 d ^ = 2' D I = 2 d{ - E \ □ 

Proposition 15. Let X be a H-closed space with a dense set D of isolated 
points. Then, 

(a) ED = D is dense in EX; 

(b) EX = ED PD; 

(c) PX is the set (3D with a finer topology a and t(/3D) C j C t(kD). 

Proof. For the facts (a) and (6) we refer the reader to |22j , 
(c) PX is i?J (and by (6), = BjD /3£>) with a finer topology, i.e, t(PX) D 
r(£'A A ), and r(PX)(s) = r(£'A A ). That is, we can consider PX as (3D with a 
topology a such that a D t((3D) and <r(s) = r{f3D). Also, is /3-D with a 
finer topology such that t(kD) D t(/3D) and t(kD)(s) = r(/3D). By 7.7 in 
[22], there is a continuous bijection from kD to (ftD,a)(= PX) that leaves 
the points of D fixed. Thus, a C t(kD). □ 

Example 16. The inequalities F e (EX) < 2 2F ° {X) and < 2 2 ' 9<X) are 

false. To show this, let D be infinite discrete space of cardinality n and 
X = aD be one-point compactification of D. Note that tg(X) = t(X) = 
F e (X) = F(X) = u. Also, EX = E(aD) = (3D and tg(EX) = t(EX) = 
F e (EX) = F(EX) > k as \D\ = k. We have 2 2F ° (X) = 2 2 " = 2 C but 
Fg{EX) > k for any cardinal n. 
When k = (2 C ) + we have that 

- Fe(EX) > (2 C )+ > 2 C = 2 2Fe(x) . 

- tg{EX) > (2 C )+ > 2 C = 2 2te(x) . 

Proposition 17. Let A" be a space 

(a) d(EX) < d(X s ) < d(X); 

(b) If X is T 3 , then d(EX) = d(X); 

(c) \EX\ < 2 2d(Xs) and |SA| < d{X s )^ EX ); 
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(d) If X is separable, then EX is separable, \EX\ < 2 C and t{EX) < c; 

(e) w(EX) < 2 W W an d w (px) < 2 w( - x \ 
Proof. 

(a) The inequality d{X s ) < d(X) is clear. To prove the inequality d(EX) < 
d(X s ), let D be a dense subset in X s such that d{X s ) = \D\. For each d G D, 
select Xd G kt^(d) and let D' = {xd '■ d G D}. We have -D' is dense in EX 
and = \D\ = d(X s ). Then, d(EX) < \D'\ = d(X s ). 

(b) Suppose X is T3 and D be a dense subset in EX such that d{EX) = \D\. 
The map fcx : EX — > X is continuous and onto. Then, k X {D) is dense 
in X and d(X) < \k x (D)\ < \D\ = d(EX). Thus, with (a) we have that 
d(EX) = d(X). 

(c) Recall two well-known results by Pospisil ([18J): "If X is Hausdorff, then 
\X\ < 2 2d(X) and \X\ < d{X)^ x >. So, \EX\ < 2 2d(EX) and, by (a), \EX\ < 
2 2d(Xs) . Also, \EX\ < d{EX)^ EX ) and, by (a), \EX\ < d{X s )^ EX \ 

(d) If X is separable, then d(EX) < d(X s ) < d(X) < oj. Thus, by (c), 
\EX\ < 2 2 = 2 C and moreover EX is separable too. Also, as EX C (3uj, 
then t(EX) < ttfiw) = c. 

(e) First note that o(X) = \t(X)\ < 2 W ^ X \ A base for EX is {oil : U G 
t(X)}; so, < o{X). Likewise, a base for PX is {ot/TlJfejr (V) : U, V G 
r(X)}; so, w{PX) < o{X). □ 

Lemma 18. Let X be a Hausdorff space and (p n )neu> a sequence converging 
to p € X where p n 7^ P for n G w. Then, > 2 C . 

Proof. As X is Hausdorff, there is an open set U\ G t(X) such that p ni G U\ 
and p ^ clxU\. So, let 71-2 = inf{m : p m £ X \ clxUi}. Then, there is an 
open set U2 G r(X) such that p n2 G U2, p £ clxUi and U2 Q X \ clxU\. 
So, let TI3 = inf{m : p m Gl \ {clxU\ U dx^)}- Then, there is an open set 
U 3 G t(X) such that p„ 3 G f7 3 , p ^ cZx^3 and ?7 3 C X \ (d x Ui U cl x U 2 )- 
Continuing by induction we obtain a subsequence (q n )neu} of (pn)ngw and 
a family of pairwise disjoint sets {U n : n G 00} such that q n G C/ n and 
p £ clxU n for n G w. Now, let G /3 a; \ w and for A £U, let {/^ = UngA U n 
and = {Ua : A<EU}. Note that 

(i) Tu is an open filterbase. If A, B G ?7a H J/b = Uadb arid An B £U. 

(ii) ax(J~u) = {p}- Let T G T(X) and p£T; there exists m G a; such that 
{<?n : n > 771 } Q T. In particular T n U n j= for all n > m. If yl G ^4 is 
infinite subset of 00 and {g n : n G ^4} R T 7^ 0. Therefore T n f/,4 7^ 0. 

(in) Let be an open ultrafilter on X such that Qu 2 U N£. So, 
ax(Gu) = cx(Gu) = {p} {Qu G -EX). 

(u;) Let V G /3a; \ w and V / W, Since V / W, there are A £ U and 
S G V such that ,4 n 5 = 0. Now, U A n C/ B ^ and U A £ T u ^ Qu and 
JTb G C C/v Thus, 7" w 7^ 
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(v) Now, consider the following map f3u) \ U) — > k^ (p) defined by U i— > J-y . 
This function in 1-to-l and thus |/c^(p)| > \/3uj \u\ = 2 C . □ 

Proposition 19. Let X be a Hausdorff space containing a convergent se- 
quence (pn)new — > P where p n ^ p E X for n € w. Then, 

(a) fc£(p) C E'X and \EX\ > 2 C ; 

(b) For k > ui, /3u) EX K ; 

(c) F(PX) > F(EX) > c, t(EX) > c and t{PX) > c. 
Proof. 

(a) By previous lemma, ky(j>) is infinite. 

By Proposition HWf). /3lo ^ k^(p). Also, we have that > 2 C . 

(6) Let / £ X K be defined by /(a) = p for a < k. 

Also, let / n (a) = \ P * ° ^ °' Then /„ -> / in X K . 
[p n if a = 0. 

By (a), |3 U 4i]f,(/)CBF 

(c) As fc£(p) is infinite, by (a), /3w fcjf (p). So, c = F(/3w) < F(k^(p)) < 
F(EX). In similar way, we have that c = t(f3uj) < t(k^(p)) < t(EX), 
c = F(Poj) < F(Wx(p)) < F(PX) and c = t(/3uj) < t(B%(p)) < t(PX). □ 

Corollary 20. Let X be a second countable space. We have that: 

(a) If X is discrete, EX = PX = X and F e (EX) = F(EX) = t e (EX) = 
t(EX) = Fg(PX) = F(PX) = tg(PX) = t(PX) = oj; 

(b) If X is not discrete, F e (EX) = F(EX) = tg(EX) = t(EX) = 
F e (PX) = F(PX) = tg(PX) = t(PX) = c. 

Proof. 

(a) As X is second countable and discrete, X = N = u that is ED and 
semiregular. By Proposition \13\f b). we have that PX = EX ~ X. 

(b) Follows from Propositions \17]( e) and \W( c). □ 



Now, in the same way as seen for H-closed (Urysohn) spaces in the previous 
section, we want to study the relationships among the cardinal functions 
F e (EX), F e (PX), t e (EX) and tg(PX). 

Example 21. For the well-known spaces of N, Q, JT and R, we have the 
following results as a consequence of the previous corollary: 
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(a) F e {En) = F(EN) = t e {EN) = t(EN) = 

= F e {PN) = F(PN) = t e {PN) = i(PN) = u; 

(b) F e (EQ) = F(EQ) = t e (EQ) = t(EQ) = 

= F e (PQ) = F(PQ) = tg(PQ) = t(PQ) = c; 

(c) F e (E3) = F(E3) = t e (E3) = t(Ej) = 

= F fl (PJF) = F(PJ) = t e {PI) = t(PJ) = c; 

(d) F e (ER) = F(ER) = t e (ER) = t(ER) = 

= F e (PR) = F(PR) = te(PR) = t(PR) = c. 



Now, our next goal is to compute the cardinal functions Fq and tg for EI K 
(I K is the Tychonoff cube of weight k) and EW (B K is the Cantor cube of 
weight k) where k > uj. 

The function / : B w — > I defined by x H > Y2ieu W? 1 1S a continuous closed 
and open surjection (see 4.3 in [10J ) , By 6.5(c) in [22J, there is a closed subset 
A C B w such that f\^ ■ A — >• I is an irreducible perfect surjection. 
Now, by Lemma A has no isolated points. So, A is second countable and 
compact Hausdorff. By 3.3(e) in [22], A is homeomorphic to B w . Thus, we 
have a continuous, perfect irreducible surjection g : B w — > I. 

Lemma 22. ([22]) Let X and Y be spaces and / : X — > Y be perfect, 
irreducible, ^-continuous surjection. Then, EX and EY are homeomorphic. 

Theorem 23. For k > to, EO K and EI K are homeomorphic. 

Proof. By Lemma there is a continuous, perfect irreducible surjection (p : 
B K — )• F\ Then, by previous lemma, ED K and E1 K are homeomorphic. □ 

Proposition 24. For k > w, we have that: 

(a) /3u i?B K ; 

(b) d(£B K ) = d(B K ) = logK = inf{A : 2 A > k}; 

(c) k < F(B K ) < F(£;B K ) = t(EO K ) < 2 di - E °^ = 2 lo s K . 
Proof. 

(a) By Proposition \19V b). 

(b) As B K is T 3 , by Pro-position\T%b) , we have that d(£B K ) = d(B K ) = (by 
11.8(dJ in [16]) = inf{A : 2 A > k}. 

(c) k = (by Proposition 13(a) in [7J) = t(W) = (by Theorem gjfaj) = 
F(B K ) < (as F is hereditary closed) < F(EB K ) = (by Theorem gjfaj) 
= t(EO K ) < (by Proposition\Tltfb)) < 2 d( - ED ^ < (by (a)) < 2 lo s K . □ 
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Corollary 25. Suppose [GCH]. 

If k is a successor cardinal, then t(EI} K ) = F(ED K ) = k. 

Proof. If k = logK < fi and 2 lo § K < 2**. By [GCH], 2^ = ^+ = «. 

So, k < t(EO K ) < 2 lo s K < 2^ = k. □ 

Proposition 26. If u < k < c, then t(EB K ) = F(EB K ) = c. 

Proof. Let u < K < c. By the Hewitt-Marczewski-Pondiczery Theorem, B K 
is separable as k < c. By Proposition [TW d). EO K is separable too and 
£(M5 K ) < c. Now, by Proposition^ a), f3uj ^ El K . So, c = t(f3to) < 
t(EI K ) = (by Theorem^ = t(EB K ). □ 

Corollary 27. 

t(EW) = t{EW-) = t(EW) = F(EW) = F(EB UJl ) = F(EW) = c. 
Note 28. 

(a) hCH] t(MF 2 ) = F(MF 2 ) = c > lj 2 . 

(6) [GCH] t(£B W2 ) = F(£ID) W2 ) = w 2 > c = wi. 



The next result is known as the w-version of the combinatorial principle due 
to Tarski (for details see 2.1 in |16j). 

Lemma 29. There is a family A = {A a : a < c} C such that \A\ = c, 

\A a \ = uj for each A a € *4 (with a € c), and the intersection of any two 
distinct elements of A is finite (i.e. \A a n Ap\ < u> for a < j3 < c). 

We have the following questions: 
Question 30. 

Is it true that for a space X, F e (EX) < t e {EX) ? 

Example 31. By Proposition M'Jtf b), the previous question can be reformu- 
late as follow: "Let E be an ED and semiregular space. Is F{E) < t{E)T\ 
The answer is NO because if we consider /3u>, by previous lemma (with u\ 
instead of c), we can find A = {A a : a < u)i} C [uj]^ such that A a n Ap 
is finite whenever a < j3 < uj\. Now, we have that cIq^A^ n dg u Ap C u> 
is finite. So, for each a < uj\ we select a point p a € clp w A a \ u and let 
E = u) U {p a : a < uji} (it is easy to see that \E\ = u\ and E is ED, semireg- 
ular). Also, oj Q E Q (3uj and E\u = {p a : a < U)\] is closed. Moreover, as 
clp u A a is clopen in /3w, clp w A a HE = {p a } U ^4 a . Then, E\u) is closed and 
discrete and therefore F{E) = \E\oo\ = U3%. To compute t(E), let B C S 
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and p G cIeB \ B and, as every point of u) is isolated, p ^ uj and therefore 
p G E \ uj. So, p = p a for some a < uj\ and we note p a G cl^Aa. So, 
clpuA a flBCu and finally t(-E') = cj. 

Question 32. 

Is it irae that for a space X, t e (EX) < F e (EX) ? 

Example 33. By Proposition \13\f b). the previous question can be reformu- 
late as follow: "Let E' be an ED and semiregular space. Is t(E') < F{E')T\ 
We do not know the answer but, as seen in Examples 11 and 15 in |7], we 
have this partial answer in which the space is ED but not semiregular. 
Starting with I = [0, 1] where r(I) is the usual topology, we consider the 
space Y = E[0, 1] with this finer topology: 

t(E[0, 1]) is generated by B = {oU \ F : U G t(I),F G [EI]^ C }. 

We start with this result: 

Claim 1. cl Y (oU\F) = oU. 

Proof. As oU (basic open set in ET) is closed in EI (with \oU\ = 2 C ), oU is 
closed in Y. Let U 6 oU, then U G U. Now, let U G oV\G where G G [EI]^ C . 
Then, V G U, U n V G U and {oU \ F) n (oV \ G) = (oC/ n oV) \{FUG) = 
o{U flV)\(FU G). Now, F U G € [M]^ c and then o(C7 n7)\(FUG)/0. 
Thus, p G c/y(oC7 \ F) and c/y(of7 \ F) = oU . □ 

Now, we have Y s = EI and note that Y is ED, H-closed and Urysohn (but not 
semiregular). Also, by Theorem\^b), F e (Y) = F e (Y s ) = F(Y S ) = F(ET) = c 
and tg(Y) = tg(Y s ) = t(Y s ) = t(EI) = c. So, it remains only to calcu- 
late F(Y) and t(Y). At first, we have that c = F e (Y) < F[Y). Consider 
pu CMC pu and hL(fiu) < w{poo) = c. So, hL(M) = c and for each 
B C EI, L(B) < c. Now let {x a } a£c + be a free sequence in Y. Call 
B = {x a } a£c +, then L(B) < c. On the other hand, we start with this result: 

Claim 2. There is a point b G B such that if b G oU G t(M) then 
\oU fl B\ = c + (6 is a complete accumulation point). 

Proof. Assume the contrary: for each p G B, there exists oU p G r(-EI) such 
that p G of/p and \oU p n B\ < c. The open cover {oU p } P £B of -B has a 
subcover of size c and there is a subset A C B with \A\ = c such that 
B C \J peA oU p . Then B = \J peA (oU p fl B) and, as yl and oU p H 5 have size 
c, B have cardinality c. But this is not possible as \B\ = c + . □ 

By Claim 2, there is a /3 < c + such that ^ is a complete accumulation of 
B in EI. Consider B' = {x a : a > /?} and then ^ clyB' . There exists 
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U G r(I) and F G [EI]^ C such that (of/ \ F) H B' = ft and i (? eo(7 \ F. 
Also, (oU\F)nB Q B\B' = {x a : a < /?}. AS |oZ7 nB| = c+, o[/n5C 
({oU \ F) n B) U F = {x a : a < /3} U F where : a < /3}| = c and 

|F| = c. This contradicts B is a free sequence in Y and completes the proof 
that F(Y) = c. 

Now, let B C y where 1? = oU \ {p} with p £ of/. It easy to see that 
p G ci r B and let G G [5]^ c , {oU \ G) n G ^ and p £ cZyG. Then, 
t(y) > c + . On the other hand, let A C y with p G clyA \ A. Suppose 
\A\ > c+ and, for each U G r(I) and p G of/, jot/ n A\ > c+. Now, let 
By C of/ PI ^4 such that = c + and consider B = Uc/gt(I) peoU ^u- We 
have that B <Z A, \B\ = c+ and p G clyB. Thus, i(y) = c+. 

Question 34. 

- Is it true that for a space X, F e (PX) < t e (PX) ? 

- Is it true that for a space X, t e (PX) < Fg(PX) ? 

Example 35. The previous questions can be reformulate as follow: "Let E 
be an ED space. Is F(E) < t(E)l Is t(E) < F(E)T. The answer is NO in 
both cases: for the first question see Example\31\&nd for the second question 
see Example\3'J\ 

Moreover, it is interesting to see the following example for ED spaces: 
Example 36. 

For X = ku, X is ED, PX = X, EX = X s = Qui, and c = F e (X) < F(X) = 
2 C . 

For y = (E[0,1],t(B)) constructed in Example [33\ Y is ED, PY = Y, 
EY = Y S = EI, and c = t g (Y) < t(Y) = c+. 

Question 37. By Corollaru \2(A we know that for second countable space X, 
F e (EX) = F(EX) = t e (EX) = t{EX) = F e (PX) = F(PX) = t e (PX) = 
t(PX) = k where k is uj (if X is discrete) or c (if X is not discrete). 
So, the natural question is whether there is a non second countable space X 
for which F e {EX) = F{EX) = t e (EX) = t(EX) = F e (PX) = F(PX) = 
t e (PX) =t{PX) =ui. 

Example 38. Similarly to what we have seen in Example\31\ if we consider 
the space E = uj U {p a : a < ui\} we may note that cu C E C /3co and 
let B = E \ ui we note that it has a complete accumulation point q G f3uj. 
Also, if q G U G CLOP{poj) then, \U n B\ = u x . Then U = clpjjj n uj) 
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and in particular U n E = dp u (U nw)flB = dp u {U n u). Now, let £" = 
E U {g} C (3uj (it is easy to see that \E'\ = u\ and E' is ED, semiregular). 
Also, F(E') =t(E') =u x . 

We conclude this paper with this interesting result: 

Example 39. In this example our goal is to determine the behavior of the 
cardinal functions F, Fq, t and tg for the well-known Urysohn's H-closed 
Example (see [25] or 4.8(d) in |22j for details) and for its Iliadis and Ba- 
naschewski absolutes. 

Let Y = N x Z C IR 2 with the subspace topology inherited from the usual 
topology on the plane M?. Now, let X = Y U {p, q} where p = (0, 1) and 
q = (0,-1). 

A subset U C X is defined to be open if: 

(i) p £ U, then there is m £ N such that {n} x N C U for all n > m or 

(ii) q £ U, then there is m G N such that {n} x N~ C U for all n > m or 

(iii) (n, 0) G ?7, then there is m G N such that (n, k) G U for all > m. 
Thus, all the points of D = X \ ((N x {0}) U {p, g}) are isolated. 

The space X is H-closed, semiregular, minimal Hausdorff but not com- 
pact nor Urysohn. Also, as all open sets in X are countable, we have that 
F(X) = F e (X) = t{X) = t (X) = uj. 

Also, notice that the space X is second countable but not discrete. Thus, 
by Corollary\M(b) we have that F{EX) = F e {EX) = F{PX) = F e (PX) = 
t(EX) = tg(EX) = t{PX) = t e (PX) = c. 
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